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Background

Conformal Gravity

Lorentzian wormholes are essentially shortcuts through
space and time; they can either connect two distant
regions of our universe or connect ours to a different one.
In 1988 Morris and Thorne introduced a new class of
traversable wormholes (TW) that, in principle, can be
used for rapid interstellar travel by advanced civilizations.
Their solutions were entirely based on standard General
Relativity (GR) and represented a substantial
improvement over previous wormhole geometries.

In recent decades, several alternative theories of
gravity have been introduced and applied to
cosmological models with the advantage of avoiding
some of the most controversial elements of standard
cosmology - e.g., dark matter, dark energy, and the
cosmological constant. In particular, fourth-order
Conformal Weyl Gravity (CG) is a natural extension of
Einstein's GR, originally introduced by H. Weyl,
revisited by P. Mannheim et al., and recently
considered by G. 't Hooft as a possible key towards a
complete understanding of physics at the Planck scale.
Fourth-order
Conformal Gravity

Specific cases and energy conditions
Solutions with Φ = 0
The simplest class of solutions is obtained by setting the
redshift function to zero, i.e., Φ(r)=0. These are also
called zero-tidal-force solutions because no radial tidal
acceleration is felt by travelers crossing the wormhole. In
this case, the full expressions for ρ, pr, and pl, as a
function of Φ(r) and b(r), are given by:

Solutions with Φ ≠ 0
Another class of solutions is obtained by setting Φ≠0 and
by using the following form for the Φ function:
where δ, p, and q are additional free parameters.

The shaping function b(r) is chosen as:

field equations.

where b0 is the value of the radial coordinate at the throat,
while γ, l, and m are considered as free parameters. The
energy conditions and the flaring-out condition,
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Traversable wormholes
and energy conditions

The standard metric for traversable wormholes can be
written in Schwarzschild coordinates:

where Φ(r) and b(r) are two arbitrary functions of r,
respectively called the redshift and the shape function.
These functions need to satisfy certain conditions in order
to obtain a viable TW solution, determined by the
mathematics of embedding. The function z=z(r), rotated
around the vertical axis, determines the profile of the
embedding diagram for the wormhole, as in the figure
above.

In a suitable orthonormal frame, the stress-energy
tensor assumes a diagonal form,
where ρ is the energy density, pr is the pressure in the
radial direction, and pl indicates the pressure in the
lateral (θ or φ) directions. The main energy conditions,
such as the null, weak, strong, and dominant energy
conditions (respectively, NEC, WEC, SEC, and DEC in
the following) can be expressed directly in terms of ρ,
pr, and pl as follows:

In GR, the analysis of the traversable wormhole
geometry has shown that the NEC is violated at or
near the wormhole “throat,” thus implying the violation
of the WEC, SEC, and DEC. Therefore, exotic matter,
i.e., matter with negative energy density, must be
threading the wormhole throat in all possible cases in
GR. In CG, the situation might be different because of
the different computations of the stress-energy tensor
using the conformal gravity field equations:

will be satisfied for certain particular ranges of values of
the parameters. We used a specialized Mathematica
program to find these particular values, which satisfy the
energy conditions in CG. In the figure below, we show all
the functions related to the energy and flaring-out
conditions with γ=1, l=3, and m=6.5 (we also set b0=1
and α=1). All the main energy conditions - NEC, WEC,
SEC, and DEC - are satisfied in the vicinity of the throat,
and no exotic matter is needed in this region, as opposed
to the GR case.

The figure above shows one particular solution for the
following parameter values: δ=1, q=1, γ=1, l=3, and m=5
(also, b0=1 and α=1). Once again, the plotted energy
functions clearly show that all energy conditions are
satisfied in the vicinity of the throat, for 1≤r≤1.10, and that
the flaring-out condition is also obeyed over the whole
range of r. For this class of solutions, it is also interesting
to consider the averaged null energy condition (ANEC)
which, for radial null geodesics, is related to the following
ANEC integral,
first expressed as a function of the proper radial distance l
and then converted into the radial coordinate r. The
topological censorship theorem has shown that GR does
not allow an observer to probe the topology of spacetime,
thus implying that traversable wormholes require a
violation of the ANEC. In contrast, in CG the ANEC
integral is now positive for a wide range of the
parameters. In particular, for the solution presented in the
figure above we obtained IГ=5.99 cm-¹. This suggests that
the topological censorship theorem may not apply to
conformal gravity, thus implying that it is qualitatively
easier to make traversable wormholes in conformal
gravity than in GR.

Conclusions
In this work, we have analyzed in detail different wormhole geometries within the
framework of fourth-order Conformal Weyl Gravity. We have seen that, for
particular choices of the shape and redshift functions, we can overcome the main
limitation of TW in standard General Relativity, namely, the violation of the energy
conditions at or near the throat. Therefore, traversable wormholes can be, at least
in principle, fully engineered following our computations.
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